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1 MODEL CONSIDERATIONS 

1.1  Social Accounting Matrix 
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Sectors (i) 
Intermediate consumption 
between sectors (𝑥𝑎𝑝0𝑖,𝑗) 

     
Government 
consumption 
(𝑥𝑎𝑔0𝑗) 

Household 
consumption 
(𝑥𝑎𝑐0𝑗) 

Nacional exports (𝑒𝑠0𝑗) 
Investment in goods 

and services 

(𝑒𝑠0𝑗) 

Variations in 

inventory 

(𝑑𝑒𝑙𝑠𝑡𝑗) 

Wages 
Labor income 
(𝑤𝑎𝑔𝑒𝑏𝑖𝑙𝑙0𝑙,𝑗); (𝑙𝑑0𝑙,𝑗) 

       Paying wages abroad 
(𝑓𝑤𝑎𝑔𝑒0𝑙,𝑟) 

  

Capital 
Capital income 
(𝑘𝑎𝑝𝑑0𝑗) 

       Capital income abroad 
(𝑟𝑜𝑤𝑓𝑝0𝑘𝑟) 

  

itax 
Indirect taxes 
(𝑖𝑛𝑑𝑡𝑎𝑥0𝑗)  

          

tariff 
Import tariffs 
(𝑡𝑎𝑟𝑦0𝑟𝑜𝑤,𝑗) 

          

Enterprise   
Income retained by 
companies 
(𝑏𝑢𝑠𝑖𝑛𝑐0𝑐,𝑘) 

        

Government   
Transfers to 
government 
(𝑘𝑡𝑟𝑎𝐺𝑜𝑣0) 

  
Direct taxes on 
businesses 
(𝑐𝑑𝑖𝑟𝑡𝑎𝑥𝑐,) 

 
Household 
taxes 
(ℎ𝑡𝑎𝑥0ℎ) 

Transfers to the government 
from ROW (𝑟𝑜𝑤𝑡𝑟ℎℎ0𝑟) 

  

Household  Wage share 
(𝑤𝑑𝑖𝑠𝑡0ℎ,𝑙) 

Income retained by 
households 
(𝑟𝑑𝑖𝑠𝑡0ℎ,𝑘) 

  
Distribution of 
corporate profits 
(𝑐𝑑𝑖𝑠𝑡0ℎ,𝑐,) 

Household 
transfers 

(𝑔𝑡𝑟ℎℎℎ) 

 Transfers to households from 
ROW (𝑟𝑜𝑤𝑡𝑟ℎℎ0𝑘𝑟) 

  

Rest of the 
world 

Imports 
(𝑥𝑚0𝑟𝑜𝑤,𝑗) 

          

CCA      Business Savings 
(𝑠𝑎𝑣𝐸𝑛𝑡0𝑐) 

 Home Savings 
(𝑠𝑎𝑣ℎ0ℎ) 

ROW savings 
(𝑠𝑎𝑣𝑓0ℎ) 

  

VE            

 

According to the 2008 System of National Accounts, the social accounting matrix can be defined as a matrix in which: "It is possible to present the complete sequence of 

accounts, including that for goods and services, in a matrix format. It is possible to expand and elaborate a SAM by introducing alternative disaggregation of existing flows or 

other new transactions, provided that the uses and resources of these flows are balanced in the usual way. This is a common extension of a SAM, and its use often goes 

beyond what is generally covered by the full sequence of accounts, even incorporating extensions of the system, especially in the case of the household sector (ONU, 2008)". 

The matrix shows the flows between various agents in the economy, with the rows representing the agents that receive income and the columns reflecting the agents' 

expenditures. The matrix presented above summarizes all the transactions specified in the MEG4C model, with the respective names used in the model.
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1.2 Sets 

 

The MEG4C programming exercise requires identifying a series of relevant sets for the 

development of the equations and subsequent simulation. These sets are presented below with 

the respective nomenclature. 

 

Sets Description Values 

𝑡 Time /2005,...2050/ 

𝑡𝑡 Reported time /2005,...2050/ 

𝑡0(𝑡) Initial year 2005 

𝑡𝑓(𝑡) Final year 2050 

𝑖𝑧𝑎𝑚 SAM elements 

agric, indust, comerc, constru, transp, clinke, 
livest, carboN, petroL, refpetroL electR, gasN, 

unskill, skill, capitalA, itax, tariff, Enterprise, Gov, 
househ, RowA, CCA, VE 

𝐼(𝑖𝑧𝑎𝑚) 
Economic sectors 

(Subgroup of izam) 
agric, indust, comerc, constru, transp, clinke, 
livest, carboN, petroL, refpetroL electR, gasN 

𝑒(𝑖) 
Energy sectors 

(Subgroup of i()) 
carboN, petroL, refpetroL electR, gasN 

𝑖𝑒(𝑖) 
Export sectors 

(Subgroup of i()) 
agric, indust, comerc, transp, clinke, livest, 

carboN, petroL, refpetroL electR, gasN 

𝑖𝑒𝑛(𝑖) 
Non-export sectors 

(Subgroup of i()) 
constru 

𝑖𝑚(𝑖) 
Import sectors 

(Subgroup of i()) 
agric, indust, comerc, transp, clinke, livest, 

carboN, refpetroL electR, gasN 

𝑖𝑛𝑚(𝑖) 
Non-import sectors 

(Subgroup of i()) 
constru, petroL 

𝑘(𝑖𝑧𝑎𝑚) Capital Capital 

𝐿(𝑖𝑧𝑎𝑚) Types of labor skill, unskill 

𝐻(𝑖𝑧𝑎𝑚) Types of households househ 

𝐶(𝑖𝑧𝑎𝑚) Companies Enterprise 

𝑅(𝑖𝑧𝑎𝑚) Other regions ROW 

𝑣 Capital vintage Old, new 
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1.3 Subindices 

Within the context of the MEG4C, the subindices have the function of detailing the associations 

between variables and parameters, and the linked economy agents. The subindices are directly 

related to the sets presented previously. The following table details the subindices used: 

 

Subindex Description 

𝑗, 𝑖 Economic sectors 

𝑛𝑓 Non-energy economic sectors 

𝑒 Energy economic sectors 

𝑣 Capital vintage 

𝑙 Types of labor 

ℎ Types of households 

𝑓 Institutional sectors 

𝑖𝑚 Import sectors 

𝑖𝑒 Export sectors 

𝑓 Institutional sectors final demand 

𝑓𝑝 Stock variation final demand 

 

1.4 Elasticities 

The elasticities measure the degree of response or sensitivity between variables and parameters 

of the model. They are usually calibrated from observed economic data or econometric 

estimates. For this model, the values of elasticities used in all the mathematical development 

are presented below: 

 

Variable Description Value 

𝑟ℎ𝑜𝑣𝑖,𝑣 Elasticity between ND and KEL 
𝑣 = "𝑜𝑙𝑑" 0,01 

𝑣 = "𝑛𝑒𝑤" 0,2 

𝑟ℎ𝑜𝑘1𝑖,𝑣 Elasticity between L and KE 
𝑣 = "𝑜𝑙𝑑" 0,12 

𝑣 = "𝑛𝑒𝑤" 1,01 

𝑟ℎ𝑜𝑘2𝑖,𝑣 Elasticity between K and E 
𝑣 = "𝑜𝑙𝑑" 0 

𝑣 = "𝑛𝑒𝑤" 0 

𝑟ℎ𝑜𝑝𝑖,𝑣 Elasticity between energy types 
𝑣 = "𝑜𝑙𝑑" 0 

𝑣 = "𝑛𝑒𝑤" 0 

𝑟ℎ𝑜𝑙𝑖,𝑣 Elasticity between different types of labor 0,5 

𝑖𝑛𝑣𝑒𝑙𝑎𝑠𝑖  Disinvestment elasticity 0,8 

𝑜𝑚𝑒𝑔𝑎𝑖  Labor supply elasticity inf 
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Parameter Description 
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𝑠𝑖𝑔𝑚𝑎𝑚𝑖 
First level 

Armington El. 
3 3,5 1,1 1,1  3,5 3 4  2,09 2,7 4 

𝑠𝑖𝑔𝑚𝑎𝑤𝑖 
Second level 

Armington El. 
3 3,5 1,1 1,1  3,5 3 4  2,09 2,7 4 

𝑠𝑖𝑔𝑚𝑎𝑡𝑖 
First level CET 

elasticity 
3 3,5 1,1 Inf 1,1 3,5 3 4 5 2,09 2,7 4 

𝑠𝑖𝑔𝑚𝑎𝑧𝑖 
Second level 
CET elasticity 

3 3,5 1,1 1,1 1,1 3,5 3 4 5 2,09 2,7 4 

𝑠𝑖𝑔𝑚𝑎𝑒𝑖 
Exports 

Elasticity 
99 99 99 99 99 99 99 99 99 99 99 99 

𝑦𝑒𝑙𝑎𝑠𝑖,ℎ  
Income 

Elasticity 
0,9 0,9 0,9 1 1,2 0,9 1 1 1 1 1 1 

 

1.5 Variables 

The following table presents all the parameters and variables used in the model equations. 

 

Variable Description 

𝜋𝑗,𝑣
1 𝑛 Profit of nest 1 

𝜋 𝑗,𝑣
2 𝑛 Profit of nest 2 

𝜋𝑗,𝑣
3 𝑛 Profit of nest 3 

𝜋𝑗,𝑣
4 𝑛 Profit of nest 4 

𝜋𝑗,𝑣 
5 𝑛 Profit of nest 4 

𝜋𝑗
𝐴𝑀1 Armington profit 1 

𝜋𝑗
𝐴𝑀2 Armington profit 2 

𝜋𝑗
𝐶𝐸𝑇1 Profit transformation function Level 1 

𝜋𝑗
𝐶𝐸𝑇2 Profit transformation function Level 2 

𝑎𝑛𝑓,𝑗,𝑣 Leontief parameter associated with domestic consumption 

𝑎𝑒𝑗,𝑣 Share of the energy package in the Capital-Energy package 

𝑎𝑒𝑝𝑗,𝑣,𝑒 Share of each energy commodity in the total energy package 

𝑎𝑘𝑗,𝑣  Capital participation in the Capital-Energy package 

𝑎𝑘𝑒𝑗,𝑣 Share of the Capital-Energy package within the Capital-Energy-Labor package 

𝑎𝑘𝑒𝑙𝑗,𝑣 Leontief parameter associated with the Capital-Energy-Labor package 

𝑎𝑙𝑗,𝑣 Labor share in the Capital-Energy-Labor package 

𝑎𝑙𝑎𝑏𝑙 Labor force adjustment parameter. 

𝑎𝑙𝑝ℎ𝑎𝑒 Export share in the CET function 

𝑎𝑙𝑝ℎ𝑎𝑒𝑗,𝑟 Initial weighting of export demand 

𝑎𝑙𝑝ℎ𝑎𝑡𝑑𝑗  Share of domestic sales in the CET function 

𝑎𝑙𝑝ℎ𝑎𝑧𝑗,𝑟 Share of each regional export destination 

𝑎𝑙𝑠 Share of the types of labor in the CES function 

𝑎𝑤𝑗  Average wage by sector  

𝑏𝑒𝑡𝑎𝑚𝑖𝑚  Import share in the Armington good 

𝑏𝑒𝑡𝑎𝑚𝑗  Domestic good share in the Armington good 

𝑏𝑒𝑡𝑎𝑤𝑟,𝑗  Share of each regional origin of imports 

𝑐𝑎𝑝𝑖𝑛𝑐 Capital income 

𝑐𝐷𝑖𝑟𝑇𝑎𝑥 Direct taxes paid by companies 
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Variable Description 

𝑐𝑑𝑖𝑟𝑡𝑎𝑥 Direct business taxes 

𝑐𝑑𝑖𝑠𝑡ℎ  Proportion of corporate capital income received by households 

𝑐𝑑𝑖𝑠𝑡𝑡𝑜𝑡ℎ  Transfers of capital income received by households 

𝑐𝐹𝑃𝑟𝑜𝑤𝑟 Capital transfers to the external sector 

𝑐𝑜𝑚𝑝𝑖𝑛𝑐 Capital income retained by the companies 

𝑐𝑝𝑖ℎ  Consumer Price Indexes 

𝑐𝑠𝑎𝑣𝑝 Sectorial savings 

𝑐𝑡𝑎𝑥 Direct tax rate 

𝑐𝑡𝑟𝑟𝑜𝑤𝑟 Corporate Capital transferred abroad 

𝑐𝑡𝑠𝑖,ℎ Household consumption subsidy rate 

𝑐𝑡𝑥𝑖,ℎ Household consumption tax rate 

𝑑𝑒𝑠𝑒𝑚𝑝𝑙𝑁𝑎𝑡𝑙 Natural unemployment rate 

𝑒𝑑𝑗,𝑟 Export demand by regional destination 

𝑒𝑖𝑡𝑥 Direct taxes on exports 

𝐸𝑛𝑒𝑟𝑃𝑗,𝑣 Demand for the energy package 

𝑒𝑟 Exchange rate 

𝑒𝑠𝑖,𝑟 Export subsidy rate 

𝑒𝑠𝑗,𝑟 Export supply by region 

𝑒𝑠𝑡𝑗  Aggregated exports 

𝑒𝑠𝑢𝑏𝑠 Export subsidies 

𝐸𝑥𝑝𝑡𝑠𝑗,𝑟 Export subsidies 

𝐸𝑥𝑝𝑡𝑥𝑖,𝑟 Indirect tax rate on exports 

𝐸𝑥𝑝𝑡𝑥𝑗,𝑟  Export tax rate 

𝑓𝑑𝑖𝑡𝑓𝑝 Indirect taxes on final demand 

𝑓𝑑𝑖𝑡𝑔 Indirect taxes on final demand 

𝑓𝑑𝑡𝑥𝑖,𝑓𝑝 Taxes on the final demand 

𝑓𝑑𝑠𝑢𝑏𝑠𝑓𝑝 Value of subsidies to final demand 

𝑓𝑑𝑡𝑥𝑖,𝑓𝑝 Indirect tax rate on final demand 

𝑓𝑑𝑡𝑠𝑖,𝑓𝑝 Final demand subsidy rate 

𝑡𝑓𝑑𝑣𝑜𝑙𝑓  Aggregated volume 1 of final demand. 

𝑓𝑜𝑟𝑐𝑎𝑝𝑠ℎ𝑟𝑟  Proportion of total capital income going to the external sector. 

𝑓𝑜𝑟𝑒𝑛𝑡𝑠ℎ𝑟𝑟  Rate of corporate Capital transferred abroad 

𝑓𝑤𝑎𝑔𝑒𝑙,𝑟 Labor income from abroad. 

𝑓𝑤𝑑𝑖𝑠𝑡𝑟,𝑙 Labor payments made abroad 

𝑔𝑜𝑣𝑒𝑥𝑝 Government expenditures 

𝑔𝑜𝑣𝑟𝑒𝑣 Total government revenue 

𝑔𝑡𝑟ℎℎℎ  Government transfers to households 

𝑔𝑡𝑟𝑟𝑝𝑤𝑟  Transfers to foreign households 

ℎℎ𝐷𝑖𝑟𝑇𝑎𝑥ℎ  Direct taxes charged to households 

ℎℎ𝑠𝑎𝑣𝑝ℎ  Savings by household type 

ℎ𝑖𝑡𝑥 Indirect taxes on households 

ℎ𝑆𝑢𝑏𝑠 Value of the household subsidy 

ℎ𝑡𝑎𝑥ℎ  Direct tax rate on households 

𝑘𝑎𝑝𝑑𝑣𝑗,𝑣 Aggregated demand for Capital 

𝑘𝑎𝑝𝑑𝑗  Aggregate capital demand (Vintage Aggregation) 

𝑘𝑑𝑖𝑠𝑡ℎ𝑜𝑢𝑠ℎ  Transfers of general capital income received by households 

𝑘𝑒𝑗,𝑣 Demand for Capital-Energy package 

𝑘𝑒𝑙𝑗,𝑣 Demand for Capital-Energy-Labor package 

𝑘𝑡𝑟𝑎𝐺𝑜𝑣 Capital transfers received by the government 

𝑘𝑥𝑟𝑎𝑡𝑖  Relationship capital (old)/Product 

𝑙𝑎𝑏𝑠𝑙  Job offer by type 

𝑙𝑎𝑚𝑏𝑑𝑎𝑘𝑗,𝑣 Efficiency of the labor factor  
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Variable Description 

𝑙𝑎𝑚𝑏𝑑𝑎𝑙𝑙,𝑗  Efficiency of labor value 

𝑙𝑎𝑚𝑏𝑑𝑎𝑒𝑃𝑗,𝑣 Efficiency of the energy factor 

𝑙𝑑𝑙,𝑗  Labor demand by sector and skill 

𝑚𝑠𝑢𝑏𝑠𝑖  Rate of import subsidies 

𝑜𝑚𝑒𝑔𝑎𝑙  Elasticity of the job offer 

𝑝𝑎𝑒  Armington Energy sector Prices 

𝑝𝑎𝑗  Armington price 

𝑝𝑎𝑛𝑓  Armington price for non-energy sectors 

𝑝𝑐𝑖,ℎ Consumption price including taxes and subsidies 

𝑝𝑑𝑗  Producer price for domestic sales 

𝑝𝑒𝑗  Price of exports 

𝑝𝑒𝑗,𝑟 Export prices by region 

𝑃𝐸𝑛𝑒𝑟𝑃𝑗,𝑣 Price of the energy package 

𝑝𝑒𝑡𝑗  Producer price for exports 

𝑝𝑓𝑑𝑖,𝑓𝑝 Price of the final demand 

𝑝𝑔𝑔  Government price deflector 

𝑝𝑖𝑛𝑑𝑒𝑥 GDP price deflator 

𝑝𝑖𝑡𝑥 Indirect taxes on production 

𝑝𝑘𝑒𝑗,𝑣  Price of Capital-Energy package 

𝑝𝑘𝑒𝑙𝑗,𝑣 Price of the Capital-Energy-Labor package 

𝑝𝑚𝑡𝑗  Aggregated price of imports 

𝑝𝑜𝑝ℎ  Population 

𝑝𝑝𝑗  Price of the final product including taxes 

𝑝𝑝𝑗  Price of production 

𝑝𝑝𝑡𝑥𝑗  Indirect taxes to the production 

𝑝𝑠𝑗  Price of the domestic good 

𝑝𝑡𝑓𝑑𝑓  Price deflator of final demand 

𝑝𝑥𝑗  Price of the final product (Adding vintage) 

𝑝𝑥𝑣𝑗,𝑣  Price of the final product discriminated by vintage 

𝑟𝑑𝑖𝑠𝑡ℎ  Household effective capital income appropriation rate 

𝑟𝑒𝑛𝑡𝑗,𝑣  Capital rent with differentiated vintage 

𝑟𝑔𝑑𝑝 Real GDP 

𝑟ℎ𝑜𝑘1𝑗,𝑣  Elasticity of substitution between Capital-Energy e labor 

𝑟ℎ𝑜𝑘2𝑗,𝑣  Elasticity of substitution between Capital and energy 

𝑟ℎ𝑜𝑙 Elasticity of substitution between types of labor 

𝑟ℎ𝑜𝑝𝑗,𝑣  Elasticity of substitution between energy goods 

𝑟𝑘𝑡𝑟𝑎𝐺𝑜𝑣 Proportion of total capital revenue going to government 

𝑟𝑜𝑤𝑓𝑝𝑟  External capital income 

𝑟𝑜𝑤𝑡𝑟𝑔 External transfers to the government 

𝑟𝑜𝑤𝑡𝑟ℎℎℎ,𝑟 External transfers to households 

𝑟𝑠𝑎𝑣𝑒𝑛𝑡 Sectorial savings rate 

𝑟𝑠𝑎𝑣𝑓𝑟𝑔𝑑𝑝 Ratio of current account deficit to real GDP 

𝑟𝑠𝑎𝑣𝑝 Percentage of capital income retained by companies 

𝑠𝑎𝑣𝑓 Foreign savings 

𝑠𝑎𝑣𝑔𝑔 Government savings 

𝑠𝑎𝑣ℎ Total household savings 

𝑠𝑖𝑔𝑚𝑎𝑚𝑗  Elasticity of substitution Armington 1 

𝑠𝑖𝑔𝑚𝑎𝑡𝑗  Elasticity of substitution CET 1 

𝑠𝑖𝑔𝑚𝑎𝑤𝑗  Elasticity of substitution Armington 1 

𝑠𝑖𝑔𝑚𝑎𝑧𝑗  Elasticity of substitution CET 2 

𝑠𝑢𝑝𝑦ℎ  Supernumerary income 

𝑡𝑎𝑟𝑎𝑑𝑗 Tariff adjustment parameter  
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Variable Description 

𝑡𝑎𝑟𝑖𝑓𝑓𝑟,𝑗 Tariff on imports 

𝑇𝑎𝑥𝐴𝑑 𝑗 Household tax adjustment parameter 

𝑡𝑔𝑔 Actual government expenditures 

𝑡ℎ𝑒𝑡𝑎𝑖,ℎ Minimum subsistence consumption 

𝑇𝐼𝑛𝑑𝑇𝑎𝑥 Indirect taxes collected by the government 

𝑡𝑙𝑎𝑏𝑑𝑗  Aggregated demand for work (Adding vintage) 

𝑡𝑙𝑎𝑏𝑑𝑣𝑗,𝑣 Aggregated demand for vintage work 

𝑡𝑠𝑢𝑏𝑠 Total subsidies granted by the government 

𝑤𝑎𝑔𝑒𝑙  Skill-level salary 

𝑤𝑎𝑔𝑒𝑑𝑖𝑠𝑡𝑎𝑙,𝑗  Relative wages across economic sectors 

𝑤𝑝𝑒𝑗,𝑟 Export price at the border 

𝑤𝑝𝑖𝑛𝑑𝑒𝑥𝑗,𝑟 Index price of world exports 

𝑤𝑝𝑚𝑟,𝑗 Global price of importations  

𝑤𝑡𝑎𝑥 Taxes on wages 

𝑤𝑡𝑎𝑥𝑙  Wage tax 

𝑦𝑑ℎ  Available household income 

𝑦ℎℎℎ  Total income of the households 

𝑦𝑙𝑙  Net labor factor income 

𝑦𝑡𝑟𝑎𝑑𝑒 Tariff revenues 

𝑥𝑎𝑗  Aggregate demand for the Armington good 

𝑥𝑎𝑐𝑖,ℎ  Household consumption 

𝑥𝑎𝑓𝑑𝑖,𝑓 𝑝 Armington fine demand for Institutional sector 

𝑥𝑎𝑓𝑑𝑗,𝑑𝑒𝑙𝑠𝑡  Sectoral imports 

𝑥𝑎𝑓𝑑𝑖,𝑔 Government's final demand 

𝑥𝑎𝑝𝑖,𝑗  Intermediate consumption by sector 

𝑋𝑎𝑝𝑗,𝑒 Intermediate consumption of the total energy goods (Adding vintage) 

𝑋𝑎𝑝𝑣𝑒,𝑗,𝑣 Intermediate consumption of energy goods discriminated by vintage 

𝑋𝐴𝑝𝑣𝑛𝑓,𝑗,𝑣 Intermediate Consumption for Non-Energy Sectors 

𝑥𝑑𝑗  Domestic sales of production 

𝑎𝑓𝑑𝑖,𝑓 Share of each agent in the final demand 

𝑥𝑚𝑟,𝑗  Imports by regional origin 

𝑥𝑚𝑡𝑗  Aggregated imports 

𝑋𝑃𝑗  Final product (Adding vintage) 

𝑥𝑝𝑗  Total product 

𝑥𝑝𝑣𝑖,"𝑛𝑒𝑤" Product associated with new vintage 

𝑥𝑝𝑣𝑖,"𝑜𝑙𝑑" Product associated with old vintage 

𝑋𝑃𝑣𝑗,𝑣 Final product discriminated by vintage 

 

  



10 

[Additional theory on CES / Armington / CET functions available on the ES manual] 

2 MODEL EQUATIONS 

2.1 Production structure 

The production structure of the sectors can be represented in a very general way by the 

relationships specified in the following diagram. 

 

 

The production of each sector is determined either by the optimal choice of inputs or by the 

production factors. The first 1  optimal choice (profit maximization in the first step) by the 

production sectors is between the energy goods considered in the model. The aggregation of 

optimal quantities of energy goods represents the "energy" package, which, according to the 

arrangement of the model, is combined with Capital to determinate the capital-energy package. 

At a higher stage, the sectors apply a new profit maximization process, where the variables of 

choice are the labor factor and the optimal "capital + energy" package. The result of this process 

is the added value generated by each sector, which, when combined with the intermediate 

consumption of the other productive sectors, excluding the energy sectors already considered 

at the first level, calculates the optimal production of each sector. 

                                                           
1 The expression "first" does not reflect a temporal concept; it is worth remembering that the optimal choices made 

by the agents in a General Equilibrium Model are all made simultaneously. Under the context of this text, the meaning 
of the expression represents the last level of the productive structure. 
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The combinations between productive factors (inputs or composite packages) at any level of the 

production structures, it is given by a mathematical function that represents the technological 

structure of the sectors. The optimal choices are conditioned to the functional form that is 

defined in each level mentioned. 

 

2.1.1 Nest 1 Equations  

Initially, the sectors maximize the profit derived from nesting 1. Formally, the mathematical 

problem is as follows: 

max 𝜋𝑗,𝑣
1 𝑛 = 𝑝𝑥𝑣𝑗,𝑣 ∗  𝑋𝑃𝑣𝑗,𝑣 − 𝑝𝑘𝑒𝑙𝑗,𝑣 ∗  𝑘𝑒𝑙𝑗,𝑣 −  ∑ 𝑝𝑎𝑛𝑓

𝑛𝑓∈𝑁𝐹

∗ 𝑋𝐴𝑝𝑣𝑛𝑓,𝑗,𝑣 

 
(e.1) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑋𝑃𝑣𝑗,𝑣 = min {
𝑘𝑒𝑙𝑗,𝑣

𝑎𝑘𝑒𝑙𝑗,𝑣
 , {

𝑋𝐴𝑝𝑣𝑛𝑓,𝑗,𝑣

𝑎𝑛𝑓,𝑗,𝑣
}} 

 
 

Where the sectors select the quantities of 𝑘𝑒𝑙𝑗,𝑣  and {𝑋𝐴𝑝𝑣𝑛𝑓,𝑗,𝑣}
𝑛𝑓∈𝑁𝐹

 that maximizes the 

profit. The profit is the generated income minus the payment of the productive factors and 

intermediate inputs. In the equation (e.1) the sectoral income comes from the units produced, 

multiplied by the respective price ( 𝑝𝑥𝑣𝑗,𝑣 ∗ 𝑋𝑃𝑣𝑗,𝑣  ) while the costs are derived from the 

payment of the composite input 𝑘𝑒𝑙𝑗,𝑣  and the consumption of each of the non-energy 

intermediate goods used in the process 𝑋𝐴𝑝𝑣𝑛𝑓,𝑗,𝑣, affecting the respective prices 𝑝𝑘𝑒𝑙𝑗,𝑣 and 

𝑝𝑎𝑛𝑓. 

The restriction condition states that the production or technology function, associated with nest 

1 is a Leontief-type function. Given the properties of the production function of Leontief, it is 

possible to know the quantities of the compound input 𝑘𝑒𝑙𝑗,𝑣 and each one of the intermediate 

goods 𝑋𝐴𝑝𝑣𝑛𝑓,𝑗,𝑣 that maximize the profit of the first nest. 

Knowing that the Leontief type function is homogeneous degree 1, it is guaranteed that the 

firm's profits are equal to zero. In other words, the income generated is used entirely to cover 

factorial remuneration and intermediate consumption. The condition described creates a new 

equation that allows the estimation of the price of the final good produced for each sector. Using 

the optimal quantities that are described in the last paragraph, the final price of the good can 

be represented by: 

𝑝𝑥𝑣𝑗,𝑣 =  ∑ 𝑎𝑛𝑓,𝑗,𝑣 ∗ 𝑝𝑎𝑛𝑓 +  𝑎𝑘𝑒𝑙𝑗𝑣 ∗ 𝑝𝑘𝑒𝑙𝑗,𝑣

𝑛𝑓∈𝑁𝐹

 (e.2)   

 

Under this definition, the final price of the product produced for each sector is a function of the 

technical coefficients of the production factors (Leontief parameters) (𝑎𝑛𝑓,𝑗,𝑣; 𝑎𝑘𝑒𝑙𝑗𝑣) weighted 

by the respective prices: 𝑝𝑎𝑛𝑓  and 𝑝𝑘𝑒𝑙𝑗,𝑣 . This is a feature that derives from the functional 

structure of the Leontief type of production function. 

Although different uses of vintages can produce the different goods of the economy, it is clear 

that beyond the technological particularities of each vintage, the good they generate is 
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homogeneous, so the final demand (intermediate consumption, agent demand, and exports) is 

of a homogeneous good. Consequently, the final value of production can be expressed as the 

sum of the production of the different vintage. 

𝑝𝑥𝑗 ∗ 𝑋𝑃𝑗 =  ∑ 𝑝𝑥𝑣𝑗,𝑣 ∗ 𝑋𝑝𝑣𝑗,𝑣

𝑣

 (e.3)  

Finally, following the formal structure of the Social Accounting Matrix, sectoral production pays 

a proportion of its output in taxes, which are described as an added valor m, 𝑝𝑝𝑡𝑥𝑗, on the price 

of the final product. 

𝑝𝑝𝑗 = 𝑝𝑥𝑗 ∗ (1 + 𝑝𝑝𝑡𝑥𝑗) (e.4)  

2.1.2 Nest 2 Equations  

In the second nesting, the sectors seek to find the optimum quantities of the Capital-Energy and 

Labor package, as well as the respective prices, that allow the profit maximization derived from 

the production of the value-added composite good. As in the previous nest, there is an 

optimization problem that follows the following formal definition: 

 max
{𝑘𝑒𝑗,𝑣,𝑡𝑙𝑎𝑏𝑑𝑣𝑗,𝑣}

𝜋 𝑗,𝑣
2 𝑛 =  𝑝𝑘𝑒𝑙𝑗.𝑣 ∗ 𝑘𝑒𝑙𝑗,𝑣 − 𝑝𝑘𝑒𝑗,𝑣 ∗ 𝑘𝑒𝑗,𝑣 − 𝑎𝑤𝑗 ∗ 𝑡𝑙𝑎𝑏𝑑𝑣𝑗,𝑣 

(e.5) 

 
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜  𝑘𝑒𝑙𝑗,𝑣 = 

= [𝑎𝑙
𝑗,𝑣

1−𝑟ℎ𝑜𝑘1𝑗,𝑣 ∗ 𝑡𝑙𝑎𝑏𝑑𝑣
𝑗,𝑣

𝑟ℎ𝑜𝑘1𝑗,𝑣 + 𝑎𝑘𝑒
𝑗,𝑣

1−𝑟ℎ𝑜𝑘1𝑗,𝑣 ∗ 𝑘𝑒
𝑗,𝑣

𝑟ℎ𝑜𝑘1𝑗,𝑣]

1
𝑟ℎ𝑜𝑘1𝑗,𝑣 

 

𝑜𝑟 𝑘𝑒𝑙𝑗,𝑣 = min {
𝑘𝑒𝑗,𝑣

𝑎𝑘𝑒𝑗,𝑣

,
𝑡𝑙𝑎𝑏𝑑𝑣𝑗,𝑣

𝑎𝑙𝑗,𝑣

} 

 
Again, the logic is to maximize the difference between incomes generated and costs assumed. 

In this case, the income comes from the production of the compound input (𝑘𝑒𝑙𝑗,𝑣) and the costs 

are derived from the payment or the factorial remuneration of the labor (salary) and the 

composite package (𝑘𝑒𝑗,𝑣) whose implicit price is 𝑝𝑘𝑒𝑗,𝑣. 

As the reader may notice, in the maximization problem, the production function can adopt a 

functional form of CES or Leontief. The mathematical solution to the problem offers the optimal 

quantities of the capital- energy and labor package that maximize the profit, that will be referred 

to as 𝑘𝑒𝑗,𝑣
∗  and 𝑡𝑙𝑎𝑏𝑑𝑣𝑗,𝑣

∗ . 

Since the aggregated labor is homogeneous, i.e., there is no difference between the 

intermediate consumption labor demanded by different vintages, only one equation is used to 

describe the demand of the productive sectors as a whole. This condition can be formally 

represented as follows: 

𝑡𝑙𝑎𝑏𝑑𝑗 = ∑ 𝑡𝑙𝑎𝑏𝑑𝑗,𝑣

𝑣

 (e.6)  
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The optimal demands of the labor factor, assuming a CES or Leontief functions, are respectively: 

𝑡𝑙𝑎𝑏𝑑𝑗 = ∑ 𝑎𝑙𝑗,𝑣 ∗  𝑘𝑒𝑙𝑗,𝑣 ∗

𝑣

 (
𝑝𝑘𝑒𝑙𝑗,𝑣

𝑎𝑤𝑗
)

𝑟ℎ𝑜𝑘1𝑗,𝑣

 (e.7) 

𝑡𝑙𝑎𝑏𝑑𝑗 =  ∑ 𝑎𝑙𝑗,𝑣 ∗  𝑘𝑒𝑙𝑗,𝑣

𝑣

 (e.7') 

 

On the other hand, the optimal demands of the capital-energy package, again assuming a CES 

or Leontief functions, are respectively: 

𝑘𝑒𝑗,𝑣 = 𝑎𝑘𝑒𝑗,𝑣 ∗ 𝑘𝑒𝑙𝑗,𝑣 (
𝑝𝑘𝑒𝑙𝑗,𝑣

𝑝𝑘𝑒𝑗,𝑣
)

𝑟ℎ𝑜𝑘1𝑗,𝑣

 (e.8) 

𝑘𝑒𝑗,𝑣 =  𝑎𝑘𝑒𝑗,𝑣 ∗  𝑘𝑒𝑙𝑗,𝑣 (e.8') 

 

The optimal solutions show the difference between the derived results of using the CES type 

function and Leontief function. In the first case, the demands are affected by the technical 

production coefficients, which also reflect the substitution effect that weighs the price 

relationship. On the other hand, by reflecting the ration of fixed coefficients, the relative prices 

are not included in the Leontief type optimal demand. 

Again, from the zero-profit condition, which is also valid to function type CES, it is possible to 

derive the aggregated value of the price. These expressions are presented for both CES and 

Leontief functions: 

𝑝𝑘𝑒𝑙𝑗,𝑣 = (𝑎𝑙𝑗,𝑣 ∗ 𝑎𝑤
𝑗,𝑣

1−𝑟ℎ𝑜𝑘1𝑗,𝑣 + 𝑎𝑘𝑒𝑗,𝑣 ∗ 𝑝𝑘𝑒
𝑗,𝑣

1−𝑟ℎ𝑜𝑘1𝑗,𝑣)

1
1−𝑟ℎ𝑜𝑘1𝑗,𝑣  (e.9) 

𝑝𝑘𝑒𝑙𝑗,𝑣 = (𝑎𝑙𝑗,𝑣 ∗  𝑎𝑤𝑗 + 𝑎𝑘𝑒𝑗,𝑣 ∗ 𝑝𝑘𝑒𝑗,𝑣) (e.9') 

 

Again, the difference between the use of the CES and Leontief functions is noted. In the first 

case, the price of the "aggregated value" good is considered by the elasticity of substitution. In 

contrast, in the case of Leontief function, the fundamental effect comes from the technical 

coefficients and the price of inputs. 

Note that the optimal solution for the price of the final sectorial product, represented in the 

equation 2, is the price of the value-added or the capital-energy-labor package, which is 

optimally obtained from the process of maximizing the second nesting. 

To finalize the second nesting is necessary to specify the labor demand in the production sectors, 

in particular, the type of labor. Recall that households offer skilled and unskilled labor, at a 

different salary associated with each type of work. The aggregation of these types of labor is 

discussed in equation e.6. 
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The optimization problem can be posed as the maximization of labor income, where firms 

demand skilled and unskilled labor. In formal terms the mathematical problem is the following: 

max
𝑙𝑑𝑙,𝑗 

𝜋𝑗,𝑣
3 𝑛 = 𝑎𝑤𝑗 ∗ 𝑡𝑙𝑎𝑏𝑑𝑗 −  ∑ 𝑤𝑎𝑔𝑒𝑑𝑖𝑠𝑡𝑎𝑙,𝑗 ∗ (1 + 𝑤𝑡𝑎𝑥)

𝑙

∗  𝑤𝑎𝑔𝑒𝑙 ∗  𝑙𝑑𝑙,𝑗 

(e.10) 
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 [∑ 𝑎𝑙𝑠1−𝑟ℎ𝑜𝑙𝑗

𝑙
∗ (𝑙𝑎𝑚𝑏𝑑𝑎𝑙𝑙,𝑗)𝑟ℎ𝑜𝑙𝑗]

1
𝑟ℎ𝑜𝑙𝑗  

 
 

The conditions of the first order of the problem of maximization raised previously allow to derive 

the demands for different types of labor: 

𝑙𝑑𝑙,𝑗 = 𝑎𝑙𝑠𝑙,𝑗 ∗ 𝑙𝑎𝑚𝑏𝑑𝑎𝑙
𝑙,𝑗

𝑟ℎ𝑜𝑙𝑗−1 
∗ (

𝑎𝑤𝑗

𝑤𝑎𝑔𝑒𝑑𝑖𝑠𝑡𝑙,𝑗 ∗ (1 + 𝑤𝑡𝑎𝑥) ∗  𝑤𝑎𝑔𝑒𝑙

)

𝑟ℎ𝑜𝑙𝑗

 (e.11) 

 

Making use of the zero-profit condition, which in context of this equation implies that labor 

income from aggregated labor is used to cover the wages of all types of labor considered, the 

salary of the aggregate work can be derived 𝑎𝑤𝑗. As shown in equations e.9 and e.9', it is a 

necessary variable in the estimation of the price of the value-added good 𝑝𝑘𝑒𝑙𝑗,𝑣. 

𝑎𝑤𝑗 = 

=  (∑ 𝑎𝑙𝑠𝑙,𝑑 ∗  𝑙𝑎𝑚𝑑𝑎𝑙
𝑙,𝑗

𝑟ℎ𝑜𝑙𝑗−1
∗

𝑙

 (𝑤𝑎𝑔𝑒𝑑𝑖𝑠𝑡𝑙,𝑗 ∗ 𝑤𝑎𝑔𝑒𝑙 ∗ (1 + 𝑤𝑡𝑎𝑥𝑙))1−𝑟ℎ𝑜𝑙𝑗 )

1
1−𝑟ℎ𝑜𝑙𝑗

 

 

(e.12) 

 

2.1.3 Nest 3 Equations  

As with the previous nest, an optimization problem arises for this productive structure. Sectors 

seek to maximize the production value of the capital-energy package, for which they select the 

optimal quantities for both Capital and energy, which can be combined either through a CES or 

Leontief function. The mathematical problem is represented in this way: 

max
{𝐸𝑛𝑒𝑟𝑃𝑗,𝑣,𝑘𝑎𝑝𝑑𝑣𝑗,𝑣} 

𝜋𝑗,𝑣
4 𝑛 = 𝑝𝑘𝑒𝑗,𝑣 ∗ 𝑘𝑒𝑗,𝑣 − 𝑟𝑒𝑛𝑡𝑗,𝑣 ∗  𝑘𝑎𝑝𝑑𝑣𝑗,𝑣 − 𝑃𝐸𝑛𝑒𝑟𝑃𝑗,𝑣 ∗  𝐸𝑛𝑒𝑟𝑃𝑗,𝑣 

(e.13) 
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑘𝑒𝑗,𝑣 = 

= [𝑎𝑒
𝑗,𝑣

1−𝑟ℎ𝑜𝑘2𝑗,𝑣
∗ 𝐸𝑛𝑒𝑟𝑃

𝑗,𝑣

𝑟ℎ𝑜𝑘2𝑗,𝑣
+ 𝑎𝑘

𝑗,𝑣

1−𝑟ℎ𝑜𝑘2𝑗,𝑣
𝑙𝑎𝑚𝑏𝑑𝑎𝑘𝑗,𝑣 ∗ 𝑘𝑎𝑝𝑑𝑣

𝑗,𝑣

𝑟ℎ𝑜𝑘2𝑗,𝑣
]

1
𝑟ℎ𝑜𝑘2𝑗,𝑣 

 

𝑜𝑟 𝑘𝑒𝑗,𝑣 = 𝑚𝑖𝑛 {
𝑙𝑎𝑚𝑏𝑑𝑎𝑘𝑗,𝑣 ∗ 

𝑎𝑘𝑗.𝑣

,
𝐸𝑛𝑒𝑟𝑃𝑗,𝑣

𝑎𝑒𝑗,𝑣

} 

 

Note that the structure of the maximization problem follows the same logic that has already 

been described, namely, maximizing the difference between income 𝑝𝑘𝑒𝑗,𝑣 ∗ 𝑘𝑒𝑗,𝑣 and the costs 

𝑟𝑒𝑛𝑡𝑗,𝑣 ∗  𝑘𝑎𝑝𝑑𝑣𝑗,𝑣 −  𝑃𝐸𝑛𝑒𝑟𝑃𝑗,𝑣 ∗ 𝐸𝑛𝑒𝑟𝑃𝑗,𝑣.  Where 𝑟𝑒𝑛𝑡𝑗,𝑣 and 𝑃𝐸𝑛𝑒𝑟𝑃𝑗,𝑣 are the capital and 

energy prices, which are the inputs used by the sectors at this stage of the process. However, it 

is worth clarifying, considering that the term 𝑙𝑎𝑚𝑏𝑑𝑎𝑘𝑗,𝑣 was introduced in the expressions that 
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represent the production function. This term affects capital productivity 𝑎𝑘𝑗.𝑣. Furthermore, as 

will be noted below, it will also affect the optimal demands of the factors. 

Using the zero profits condition, the optimal demands for Capital and energy added good are 

determined for both the CES and Leontief type function. 

𝑘𝑎𝑝𝑑𝑣𝑗,𝑣 =  𝑎𝑘𝑗,𝑣 ∗ 𝑘𝑒𝑗,𝑣 ∗ 𝑙𝑎𝑚𝑏𝑑𝑎𝑘
𝑗,𝑣

𝑟ℎ𝑜𝑘2𝑗,𝑣−1
(

𝑝𝑘𝑒𝑗,𝑣

𝑟𝑒𝑛𝑡𝑗,𝑣
)

𝑟ℎ𝑜𝑘2𝑗,𝑣

 (e.14) 

𝑘𝑎𝑝𝑑𝑣𝑗,𝑣 =  𝑎𝑘𝑗,𝑣 ∗ 
𝑘𝑒𝑗,𝑣

𝑙𝑎𝑚𝑑𝑎𝑘𝑗,𝑣
 (eq.14') 

 

As can be seen, the value of 𝑙𝑎𝑚𝑑𝑎𝑘𝑗,𝑣 , will affect the optimal demands for Capital. If this 

parameter is 1, the capital demand adopts a standard structure. If the parameter is higher 

(lower) than 1, the capital demand will be lower (higher) than the optimal demand as a result of 

the maximization process. 

The demand of energy goods is as follows: 

𝐸𝑛𝑒𝑟𝑃𝑗,𝑣 =  𝑎𝑒𝑗,𝑣 ∗ 𝑘𝑒𝑗,𝑣 ∗ (
𝑝𝑘𝑒𝑗,𝑣

𝑃𝐸𝑛𝑒𝑟𝑝𝑗,𝑣
)

𝑟ℎ𝑜𝑘2𝑗,𝑣

 (e.15) 

𝐸𝑛𝑒𝑟𝑃𝑗,𝑣 =  𝑎𝑒𝑗,𝑣 ∗  𝑘𝑒𝑗,𝑣 (eq.15') 

 

By adding the capital levels for the different types of vintage, the total demand for Capital is 

obtained: 

𝑘𝑎𝑝𝑑𝑗 = ∑ 𝑘𝑎𝑝𝑑𝑣𝑗,𝑣

𝑣

 (e.16) 

 

Using the zero profits condition, the price of the capital-energy composite input is obtained, 

which is explicit in the development of nest 2.  

As presented previously, the first case presented is the CES function, followed by the Leontief 

function. 

𝑝𝑘𝑒𝑗,𝑣 = 

= (𝑎𝑒𝑗,𝑣 ∗  𝑃𝐸𝑛𝑒𝑟𝑝
𝑗,𝑣

1−𝑟ℎ𝑜𝑘2𝑗,𝑣
+ 𝑎𝑘𝑗,𝑣 ∗ 𝑙𝑎𝑚𝑏𝑑𝑎𝑘

𝑗,𝑣

𝑟ℎ𝑜𝑘2𝑗,𝑣−1
∗  𝑟𝑒𝑛𝑡

𝑗,𝑣

1−𝑟ℎ𝑜𝑘2𝑗,𝑣
 )

1
1−𝑟ℎ𝑜𝑘2𝑗,𝑣 

(e.17) 

𝑝𝑘𝑒𝑗,𝑣 =  (𝑎𝑒𝑗,𝑣 ∗ 𝑃𝐸𝑛𝑒𝑟𝑝𝑗,𝑣 + 𝑎𝑘𝑗,𝑣 ∗  
𝑘𝑒𝑗,𝑣

𝑙𝑎𝑚𝑑𝑎𝑘𝑗,𝑣

) 

 
(eq.17') 
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2.1.4 Nest 4 Equations  

In the last level of the productive structure, the economic sectors determine the proportion of 

use of each energy goods. The problem is the same as the others: the maximization value of the 

production of energy goods, considering the demand for each energy good. Formally, the 

problem is as follows: 

max
{𝑋𝑎𝑝𝑣𝑒,𝑗,𝑣}

𝜋𝑗,𝑣 
5 𝑛 =  𝑃𝐸𝑛𝑒𝑟𝑃𝑗,𝑣 ∗ 𝐸𝑛𝑒𝑟𝑃𝑗,𝑣 − ∑ 𝑝𝑎𝑒 ∗  𝑋𝑎𝑝𝑣𝑒,𝑗,𝑣

𝐸

 

(e.18) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐸𝑛𝑒𝑟𝑃𝑗,𝑣

= [∑ 𝑎𝑒𝑝
𝑗,𝑣,𝑒

1−𝑟ℎ𝑜𝑝𝑗,𝑣  (𝑙𝑎𝑚𝑏𝑑𝑎𝑒𝑃𝑗,𝑣 ∗ 𝑋𝑎𝑝𝑣𝑒,𝑣,𝑗)𝑟ℎ𝑜𝑝𝑗,𝑣

𝑒
]

1
𝑟ℎ𝑜𝑝𝑗,𝑣

 

 

𝑜𝑟 𝐸𝑛𝑒𝑟𝑃𝑗,𝑣 = min {
𝑙𝑎𝑚𝑏𝑑𝑎𝑒𝑃𝑗,𝑣 ∗ 𝑋𝑎𝑝𝑣𝑒,𝑣,𝑗

𝑎𝑒𝑝𝑗,𝑣,𝑒
}

𝑒∈𝐸

 

 

Since the energy goods are homogeneous, there is no difference between the demands of 

energy goods for different vintages. Only an equation is used to describe the demand of the 

productive sectors as a whole (regardless of the vintage) for different energy goods. 

𝑋𝑎𝑝𝑗,𝑒 =  ∑ 𝑋𝑎𝑝𝑣𝑗,𝑣,𝑒

𝑣

 (e.19) 

 

With this notation, the optimal demands resulting from the maximization process are: 

𝑋𝑎𝑝𝑗,𝑒 = ∑ 𝑎𝑒𝑝𝑗,𝑣,𝑒 ∗ 𝐸𝑛𝑒𝑟𝑃𝑗,𝑣 ∗

𝑣

𝑙𝑎𝑚𝑏𝑑𝑎𝑒𝑃
𝑗,𝑣

𝑟ℎ𝑜𝑘𝑝𝑗,𝑣−1
(

𝑃𝐸𝑛𝑒𝑟𝑝𝑗,𝑣

𝑃𝑎𝑗,𝑣
)

𝑟ℎ𝑜𝑝𝑗,𝑣

 (e.20) 

𝑋𝑎𝑝𝑗,𝑒 =  ∑ 𝑎𝑒𝑝𝑗,𝑣 ∗ 
𝐸𝑛𝑒𝑟𝑃𝑗,𝑣

𝑙𝑎𝑚𝑏𝑑𝑎𝑒𝑃𝑗,𝑣
𝑣

 (eq.20') 

 

Using the zero-profit condition, the optimal demands for each energy goods can be presented. 

𝑃𝐸𝑛𝑒𝑟𝑝𝑗,𝑣,𝑒 = (∑ 𝑎𝑒𝑝𝑗,𝑣,𝑒 ∗ (
𝑝𝑎𝑒

𝑙𝑎𝑚𝑏𝑑𝑎𝑒𝑃𝑗,𝑣
)

1−𝑟ℎ𝑜𝑝𝑗,𝑣

𝑒

)

1
1−𝑟ℎ𝑜𝑝𝑗,𝑣

 (e.21) 

𝑃𝐸𝑛𝑒𝑟𝑝𝑗,𝑣 =  (∑ 𝑎𝑒𝑗,𝑣,𝑒 ∗ 
𝑝𝑎𝑒

𝑙𝑎𝑚𝑏𝑑𝑎𝑒𝑃𝑗,𝑣𝑒
) (eq.21') 
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2.2 Trade balance 

2.2.1 Imports 

 

This next section sets out the formal structure of commercial behavior (imports and exports) of 

the economic agents. The diagram represents the structure of the process: 

 

 

The goods that are part of the final demand of economic agents are a composite of national and 

imported goods. Following the Armington hypothesis, there is imperfect substitution between 

national and imported goods. In order to determine the optimal allocation at the origin of goods 

consumed within the country, the following maximization problem is solved: 

 max
{𝑥𝑚𝑗, 𝑥𝑑𝑗}

𝜋𝑗
𝐴𝑀1 =  𝑝𝑎𝑗 ∗ 𝑥𝑎𝑗 − 𝑝𝑚𝑡𝑗 ∗ 𝑥𝑚𝑡𝑗 − 𝑝𝑠𝑗 ∗ 𝑥𝑑𝑗 

(e.22) 
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜  𝑥𝑎𝑗 = 

= [𝑏𝑒𝑡𝑎𝑑
𝑗

1−𝑠𝑖𝑔𝑚𝑎𝑚𝑗 ∗ 𝑥𝑑
𝑗

𝑠𝑖𝑔𝑚𝑎𝑚𝑗 + 𝑏𝑒𝑡𝑎𝑚
𝑖𝑚

1−𝑠𝑖𝑔𝑚𝑎𝑚𝑗 ∗ 𝑥𝑚
𝑗

𝑠𝑖𝑔𝑚𝑎𝑚𝑗]

1
𝑠𝑖𝑔𝑚𝑎𝑚𝑗   

 

The agents choose the optimal quantities 𝑥𝑚𝑡𝑗 ,  𝑥𝑑𝑗  (imported and domestic goods, 

respectively) that maximize the production value of the Armington good, where the Armington 

good is a result of the combination through a CES type technology of the two decision variables. 

From the first-order conditions, the following optimal demands 𝑥𝑚𝑗,  𝑥𝑑𝑗 are obtained, 

respectively:  

𝑥𝑚𝑡𝑡 = 𝑥𝑎𝑖𝑚 ∗ 𝑏𝑒𝑡𝑎𝑚𝑖𝑚 ∗ (
𝑝𝑎𝑖𝑚

𝑝𝑚𝑖𝑚
)

𝑠𝑖𝑔𝑚𝑎𝑚𝑖𝑚

 (e.23)  

𝑥𝑑𝑗 = 𝑥𝑎𝑗 ∗ 𝑏𝑒𝑡𝑎𝑚𝑗 ∗  (
𝑝𝑎𝑗

𝑝𝑠𝑗
)

𝑠𝑖𝑔𝑚𝑎𝑚𝑗

 (e.24)  
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The optimal solutions follow the standard structure derived from the CES type function; 

however, note that the subscript j was changed to im in the equation (e.23). This change is 

because not all of the sectors are importers, and therefore this optimal decision is limited to 

them. 

Replacing the optimal choices of domestic and imported goods, in the zero-profit condition, the 

following expression for the price of Armington good is obtained: 

𝑝𝑎𝑗 = (𝑏𝑒𝑡𝑎𝑑𝑗 ∗ 𝑝𝑠
𝑗

1−𝑠𝑖𝑔𝑚𝑎𝑚𝑗 + 𝑏𝑒𝑡𝑎𝑚𝑖𝑚 ∗ 𝑝𝑚
𝑖𝑚

1−𝑠𝑖𝑔𝑚𝑎𝑚𝑗)

1
1−𝑠𝑖𝑔𝑚𝑎𝑚𝑗 

 
(e.25) 

 

Note that if the Armington good is the aggregation of domestic and imported production, then 

it must be equal to the aggregated demand made by all the agents in the economy, intermediate 

intersectoral consumption, households, and government. 

𝑥𝑎𝑗 = ∑ 𝑥𝑎𝑝𝑖,𝑗 + ∑ 𝑥𝑎𝑐𝑖,ℎ +

ℎ

∑ 𝑥𝑎𝑓𝑑𝑖,𝑓 𝑝

𝑓𝑝𝑗

 

 

(e.26) 

The maximization process previously described provides the optimal quantities of the domestic 

and imported goods. The imported good is an aggregate good of all the goods that are imported 

from the different regions with which the country has commercial interaction. It is, therefore, 

necessary to find the optimal imports from each commercial region. The optimization problem 

is the following: 

 max
{𝑥𝑚𝑟,𝑗}

𝜋𝑗
𝐴𝑀2 =  𝑝𝑚𝑡𝑗 ∗ 𝑥𝑚𝑡𝑗 − ∑ 𝑤𝑝𝑚𝑟,𝑗 ∗ (1 + 𝑡𝑎𝑟𝑖𝑓𝑓𝑟,𝑗) ∗ 𝑥𝑚𝑟,𝑗

𝑅

𝑟=1

 

(e.27) 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑥𝑚𝑡𝑗 = 

= [∑ 𝑏𝑒𝑡𝑎𝑤
𝑟,𝑗

1−𝑠𝑖𝑔𝑚𝑎𝑤𝑗
∗ (𝑤𝑝𝑚𝑟,𝑗 ∗ (1 + 𝑡𝑎𝑟𝑖𝑓𝑓𝑟,𝑗))

𝑠𝑖𝑔𝑚𝑎𝑤𝑗
∗ 𝑥𝑚𝑟,𝑗

𝑅

𝑟=1
]

1
𝑠𝑖𝑔𝑚𝑎𝑤𝑗

  

 

The economy seeks to maximize the value of imports by modifying their geographical 

composition, i.e., finding the optimal levels of imports from each of its trading partners. Note 

that goods imported by region are aggregated into a single imported good through a CES 

function and that the value of imported goods is affected by an import tariff. 

By making use of the first-order conditions, the optimal import quantities are obtained for each 

trade region. 

𝑥𝑚𝑟,𝑗 = 𝑥𝑚𝑡𝑗 ∗ 𝑏𝑒𝑡𝑎𝑤𝑟,𝑗 ∗ (
𝑝𝑚𝑡𝑗

(𝑒𝑟 ∗ 𝑤𝑝𝑚𝑟,𝑗 ∗ (1 + 𝑡𝑎𝑟𝑎𝑑𝑗 ∗ 𝑡𝑎𝑟𝑖𝑓𝑓𝑟,𝑗))
)

𝑠𝑖𝑔𝑚𝑎𝑤𝑗

 

 

(e.28) 

 

Replacing the optimal demands in the zero-profit condition results in the price of the aggregates' 

import goods. 



19 

𝑝𝑚𝑟,𝑗 = (∑ 𝑏𝑒𝑡𝑎𝑤𝑟,𝑗

𝑟

∗ (𝑒𝑟 ∗ 𝑤𝑝𝑚𝑟,𝑗 ∗ (1 + 𝑡𝑎𝑟𝑎𝑑𝑗 ∗ 𝑡𝑎𝑟𝑖𝑓𝑓𝑟,𝑗))1−𝑠𝑖𝑔𝑚𝑎𝑤𝑗)

1
1−𝑠𝑖𝑔𝑚𝑎𝑤𝑗

 

 

(e.28) 

A relevant consideration here is that under the CES function, optimal demands are affected by 

the price ratio and the elasticity of substitution. This same relationship is kept in the equation 

(p.24), with the difference that in this case, the exchange rate is included, 𝑒𝑟, that is made to 

express the prices, internal and external, in the same monetary unit. 

 

2.2.2 Exports 

Recall that domestic production can have two final destinations: to satisfy internal consumption 

and on exports, in exchange for the entry of foreign reserves. This condition is shown in the 

following diagram: 

 

 

The decisions to export or not are an optimizing choice of the economy where it seeks to 

maximize the total value of domestic production. 

 max
{𝑒𝑠𝑡𝑗,𝑥𝑑𝑗}

𝜋𝑗
𝐶𝐸𝑇1 =  𝑝𝑝𝑗 ∗ (𝑥𝑝𝑗 − 𝑥𝑎𝑓𝑑𝑗,𝑑𝑒𝑙𝑠𝑡) − 𝑝𝑒𝑡𝑗 ∗ 𝑒𝑠𝑡𝑗 − 𝑝𝑑𝑗 ∗ 𝑥𝑑𝑗 

(e.29) 
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑥𝑝𝑗 − 𝑥𝑎𝑓𝑑𝑗,𝑑𝑒𝑙𝑠𝑡 = 

=  [𝑎𝑙𝑝ℎ𝑎𝑡𝑑
𝑗

1−𝑠𝑖𝑔𝑚𝑎𝑡𝑗 ∗ 𝑥𝑑
𝑗

𝑠𝑖𝑔𝑚𝑎𝑡𝑗 + 𝑎𝑙𝑝ℎ𝑎𝑒
𝑗

1−𝑠𝑖𝑔𝑚𝑎𝑡𝑗 ∗ 𝑒𝑠𝑡
𝑗

𝑠𝑖𝑔𝑚𝑎𝑡𝑗]

1
𝑠𝑖𝑔𝑚𝑎𝑡𝑗 

 

The problem raised follows the basic structure that has been described. Note that the term 

𝑥𝑝𝑗 − 𝑥𝑎𝑓𝑑𝑗,𝑑𝑒𝑙𝑠𝑡 corresponds to the total sectoral output minus sectoral imports (Armington 

good). Since imports are not national production but are the demand from productive sectors, 

it is necessary to discount their value from the final value produced. 
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With this note, we proceed to find the optimal demands for both domestic consumption and 

exports from the first-order conditions: 

𝑥𝑑𝑗 = 𝑎𝑙𝑝ℎ𝑎𝑡𝑑𝑗 ∗ (𝑥𝑝𝑗 − 𝑥𝑎𝑓𝑑𝑗,𝑑𝑒𝑙𝑠𝑡) ∗ (
𝑝𝑑𝑗

𝑝𝑝𝑗
)

𝑠𝑖𝑔𝑚𝑎𝑡𝑗

 

 

(e.30) 

𝑒𝑠𝑡𝑗 = 𝑎𝑙𝑝ℎ𝑎𝑡𝑒𝑗 ∗ (𝑥𝑝𝑗 − 𝑥𝑎𝑓𝑑𝑗,𝑑𝑒𝑙𝑠𝑡) ∗ (
𝑝𝑒𝑡𝑗

𝑝𝑝𝑗
)

𝑠𝑖𝑔𝑚𝑎𝑡𝑗

 (e.31) 

 

Replacing these optimal decisions in the zero-profit function, an expression for the total product 

price is obtained. 

𝑝𝑝𝑗 = (𝑎𝑙𝑝ℎ𝑎𝑡𝑑𝑗 ∗ 𝑝𝑑
𝑗

1+𝑠𝑖𝑔𝑚𝑎𝑡𝑗 + 𝑎𝑙𝑝ℎ𝑎𝑡𝑒𝑗 ∗ 𝑝𝑒𝑡
𝑗

1+𝑠𝑖𝑔𝑚𝑎𝑡𝑗)

1
1+𝑠𝑖𝑔𝑚𝑎𝑡𝑗 

 
(e.32) 

 

Finally, as a condition, the total production of each sector is designed to cover domestic and 

exported goods, and necessary imports to carry out the production. 

𝑥𝑝𝑗 = 𝑥𝑑𝑗 + 𝑒𝑠𝑡𝑗 + 𝑥𝑎𝑓𝑑𝑖,"𝑑𝑒𝑙𝑠𝑡" (e.33) 

Note that the process described above provides the optimal solution for total exports; however, 

as with imports, it is necessary to identify regional destinations for this type of exported goods. 

The maximization problem described in this process is as follows: 

 max
{𝑒𝑠𝑗,𝑟}

𝜋𝑗
𝐶𝐸𝑇2 =  𝑝𝑒𝑡𝑗 ∗ 𝑒𝑠𝑡𝑗 − ∑ 𝑝𝑒𝑗,𝑟 ∗ 𝑒𝑠𝑗,𝑟

𝑟

 

(e.34) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜  𝑒𝑠𝑡𝑗 = [∑ 𝑎𝑙𝑝ℎ𝑎𝑧
𝑗,𝑟

1−𝑠𝑖𝑔𝑚𝑎𝑧𝑗 ∗ 𝑝𝑒
𝑗,𝑟

𝑠𝑖𝑔𝑚𝑎𝑧𝑗

𝑟

]

1
𝑠𝑖𝑔𝑚𝑎𝑧𝑗

  

 

The proposed problem consists in maximizing the total value of exports by discounting the value 

of each regional export. In other words, the aim is to find the regional composition of exports, 

which, under the price conditions, allows the highest value of exports. 

The optimal exports for each regional destination are obtained from the first-order conditions. 

𝑒𝑠𝑗,𝑟 = 𝑎𝑙𝑝ℎ𝑎𝑧𝑗,𝑟 ∗ 𝑒𝑠𝑡𝑗 ∗ (
𝑝𝑒𝑗,𝑟

𝑝𝑒𝑡𝑡
)

𝑠𝑖𝑔𝑚𝑎𝑧𝑗

 (e.35) 

 

Replacing the zero-profit condition results in the price of the aggregated export goods. 

𝑝𝑒𝑡𝑗 = (∑ (𝑎𝑙𝑝ℎ𝑎𝑧𝑗,𝑟 ∗ 𝑝𝑒
𝑗,𝑟

1+𝑠𝑖𝑔𝑚𝑎𝑧𝑗)

𝑟

)

1
1+𝑠𝑖𝑔𝑚𝑎𝑧𝑗

 (e.36) 
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By assumed conditions regarding international trade, the final price paid abroad 𝑤𝑝𝑒𝑗,𝑟  for 

national exports include the corresponding taxes and subsidies 𝐸𝑥𝑝𝑡𝑥𝑗,𝑟  and 𝐸𝑥𝑝𝑡𝑠𝑗,𝑟 , 

respectively: 

𝑤𝑝𝑒𝑗,𝑟 = 𝑝𝑒𝑗,𝑟 ∗ (1 + 𝐸𝑥𝑝𝑡𝑥𝑗,𝑟) ∗ (1 − 𝐸𝑥𝑝𝑡𝑠𝑗,𝑟) (e.37) 

It is necessary to define the demand for exports to adjust the market for tradable goods. There 

are two possible options. First, demand for domestic exports depends on the relationship 

between the price of the external good and the domestic export price, weighted by a 

substitution elasticity: 

𝑒𝑑𝑗,𝑟 = 𝑎𝑙𝑝ℎ𝑎𝑒𝑗,𝑟 ∗ (
𝑒𝑟 ∗ 𝑤𝑝𝑖𝑛𝑑𝑒𝑥𝑗,𝑟

𝑤𝑝𝑒𝑗,𝑟
)

𝑠𝑖𝑔𝑚𝑎𝑒𝑗,𝑟

 (e.38) 

 

Alternatively, the demand for exports is passively adjusted to the supply of export goods, 

without considering the substitution effect from the price relationship. Under this argument, 

the final price paid by foreigners converges to the international price adjusted by the exchange 

rate. 

𝑤𝑝𝑒𝑗,𝑟 = 𝑒𝑟 ∗ 𝑤𝑝𝑖𝑛𝑑𝑒𝑥𝑗,𝑟 (e.39) 

Beyond this option, the balance in the market of exports and domestic imports must be ensured: 

𝑒𝑠𝑗,𝑟 = 𝑒𝑑𝑗,𝑟 (e.39) 

 

2.3 Revenue and expenditure of economic agents 

The aggregated value generated by the economy is equivalent to the sum of the sectorial 

production by discounting the intermediate consumption expenditure. This aggregated value is 

distributed as payment to the production factors (Capital and Labor) and of production taxes. 

This section describes the transactions that determine the distribution of value-added among 

agents that make up the economy, as well as the transactions that take place between agents. 

 

2.3.1 Capital income and expenses 

Capital income comes from two main sources. First, the factorial returns associated with the use 

of the productive capital input, and second, the payments to Capital from abroad. In formal 

terms it is represented as follows: 

𝑐𝑎𝑝𝑖𝑛𝑐 = ∑ 𝑟𝑒𝑛𝑡𝑗,𝑣 ∗ 𝑘𝑎𝑝𝑑𝑣𝑗,𝑣 + 𝑒𝑟 ∗ ∑ 𝑟𝑜𝑤𝑓𝑝𝑟

𝑟𝑗,𝑟

 (e.41) 
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Once such income is constituted, it must be distributed amongst its owners, namely: 

Government (transfers), transfers abroad, companies or economic sectors and households. The 

following equations describe this behavior. 

 

2.3.1.1 Government 
The transfers to the government 𝑘𝑡𝑟𝑎𝐺𝑜𝑣 are a proportion 𝑟𝑘𝑡𝑟𝑎𝐺𝑜𝑣 of capital income: 

𝑘𝑡𝑟𝑎𝐺𝑜𝑣 = 𝑟𝑘𝑡𝑟𝑎𝐺𝑜𝑣 ∗ 𝑐𝑎𝑝𝑖𝑛𝑐 (e.42) 

2.3.1.2 External sector 
External transfers 𝑐𝐹𝑃𝑟𝑜𝑤𝑟 are a proportion of capital income 𝑓𝑜𝑟𝑐𝑎𝑝𝑠ℎ𝑟𝑟 

𝑐𝐹𝑃𝑟𝑜𝑤𝑟 = 𝑓𝑜𝑟𝑐𝑎𝑝𝑠ℎ𝑟𝑟 ∗ 𝑐𝑎𝑝𝑖𝑛𝑐 (e.43) 

Once the government and the external sector are covered, the remaining capital income is 

distributed among the economic sectors or enterprises and households. 

 

2.3.1.3 Economic sectors or companies 
It is assumed that companies retain a 𝑟𝑠𝑎𝑣𝑝 proportion of the remaining capital revenue from 

the government and external sector ownership. 

𝑐𝑜𝑚𝑝𝑖𝑛𝑐 = 𝑟𝑠𝑎𝑣𝑝 ∗ 𝑐𝑎𝑝𝑖𝑛𝑐 ∗ (1 − 𝑟𝑘𝑡𝑟𝑎𝐺𝑜𝑣 − ∑ 𝑓𝑜𝑟𝑐𝑎𝑝𝑠ℎ𝑟𝑟

𝑟

) (e.44) 

 

Such business income has four essential destinations: i) Payment of taxes, ii) Transfers abroad, 

iii) Payments to households, iv) Business savings for capital accumulation. 

Taxes are considered a fine proportion of the capital income of companies or sectors. 

𝑐𝐷𝑖𝑟𝑇𝑎𝑥 = 𝑐𝑡𝑎𝑥 ∗ 𝑐𝑜𝑚𝑝𝑖𝑛𝑐 (e.45) 

Similarly, transfers abroad are a fixed proportion of sectoral income. 

𝑐𝑡𝑟𝑟𝑜𝑤𝑟 = 𝑓𝑜𝑟𝑒𝑛𝑡𝑠ℎ𝑟𝑟 ∗ 𝑐𝑜𝑚𝑝𝑖𝑛𝑐 (e.46) 

The sector savings is a fixed rate of business income after the two above destinations have been 

deducted: 

𝑐𝑠𝑎𝑣𝑝 = 𝑟𝑠𝑎𝑣𝑒𝑛𝑡 ∗ 𝑐𝑜𝑚𝑝𝑖𝑛𝑐 ∗ (1 − 𝑐𝑡𝑎𝑥 − ∑ 𝑓𝑜𝑟𝑒𝑛𝑡𝑠ℎ𝑟𝑟

𝑟

) (e.47) 
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Finally, the payment to households2 results from the surplus once the government, the external 

sector, and business savings are covered.  

𝑐𝑑𝑖𝑠𝑡𝑡𝑜𝑡ℎ = 𝑐𝑑𝑖𝑠𝑡ℎ ∗ (1 − 𝑟𝑠𝑎𝑣𝑒𝑛𝑡) ∗ 𝑐𝑜𝑚𝑝𝑖𝑛𝑐 ∗ (1 − 𝑐𝑡𝑎𝑥 − ∑ 𝑓𝑜𝑟𝑒𝑛𝑡𝑠ℎ𝑟𝑟
𝑟

) (e.48) 

It is worth clarifying that although the distribution of capital income was described sequentially, 

the whole process is solved simultaneously. This approach serves to facilitate the interpretation 

of the reader. 

 

2.3.1.4 Households 
Household capital income results from surplus after distribution to other groups, as described. 

𝑘𝑑𝑖𝑠𝑡ℎ𝑜𝑢𝑠ℎ = 𝑟𝑑𝑖𝑠𝑡 ∗ (1 − 𝑟𝑠𝑎𝑣𝑝) ∗ 𝑐𝑎𝑝𝑖𝑛𝑐 ∗ (1 − 𝑟𝑘𝑡𝑟𝑎𝐺𝑜𝑣 − ∑ 𝑓𝑜𝑟𝑐𝑎𝑝𝑠ℎ𝑟𝑟

𝑟

) (e.49) 

2.3.2 Households income and expenditure 

The households receive income from 5 essential sources: capital transfers, labor income, 

transfers from businesses, transfers from the government, and transfers from abroad. Each 

component is described below: 

 Capital transfers: following the equations e.42, e.43 and e.44, companies receive a 

proportion of capital income, discounting what the amounts received by the 

government, the external sector, and the business sector. 

𝑘𝑑𝑖𝑠𝑡ℎ𝑜𝑢𝑠ℎ = 𝑟𝑑𝑖𝑠𝑡 ∗ (1 − 𝑟𝑠𝑎𝑣𝑝) ∗ 𝑐𝑎𝑝𝑖𝑛𝑐 ∗ (1 − 𝑟𝑘𝑡𝑟𝑎𝐺𝑜𝑣 − ∑ 𝑓𝑜𝑟𝑐𝑎𝑝𝑠ℎ𝑟𝑟

𝑟

) (e.50) 

 Labor income: They result from the factorial redistribution of the labor input used by 

each sector of the economy. Recalling the section (types of labor), in the context of this 

model, labor can be divided into skilled or unskilled each with its remuneration. At the 

same time, the households receive wages from abroad (𝑓𝑤𝑎𝑔𝑒𝑙,𝑟) and at the same time 

make wage payments abroad (𝑓𝑑𝑖𝑠𝑡𝑙,𝑟).  Formally, the following expression is used: 

𝑦𝑙𝑙 = ∑ 𝑤𝑎𝑔𝑒𝑑𝑖𝑠𝑡𝑙,𝑖 ∗ 𝑤𝑎𝑔𝑒𝑙 + 𝑒𝑟 ∗ (∑(𝑓𝑤𝑎𝑔𝑒𝑙,𝑟 − 𝑓𝑤𝑑𝑖𝑠𝑡𝑟,𝑙)

𝑟

)

𝑖

 (e.51) 

 

 Transfers from companies: Once companies have covered taxes, external transfers, and 

decided on savings, it is generated the surplus capital income given to households. 

𝑐𝑑𝑖𝑠𝑡𝑡𝑜𝑡ℎ = 𝑐𝑑𝑖𝑠𝑡ℎ ∗ (1 − 𝑟𝑠𝑎𝑣𝑒𝑛𝑡) ∗ 𝑐𝑜𝑚𝑝𝑖𝑛𝑐 ∗ (1 − 𝑐𝑡𝑎𝑥 − ∑ 𝑓𝑜𝑟𝑒𝑛𝑡𝑠ℎ𝑟𝑟
𝑟

) (e.52) 

 Transfers from the government: They correspond to the transfer of resources that 

households receive from the government (social assistance, social security, etc.). It is 

expressed as 𝑝𝑖𝑛𝑑𝑒𝑥 ∗ 𝑔𝑡𝑟ℎℎℎ . It is deflated by the price index of GDP or total 

                                                           
2 The assumption under this point is that households are owners of the businesses and therefore receive 
a proportion of the income they generate. 
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production to express it in monetary units that can be bought with the other types of 

transfers. 

 

 Transfers from abroad: Payments received by national households originating from 

residents abroad. It is expressed as 𝑒𝑟 ∗ ∑ 𝑟𝑜𝑤𝑡𝑟ℎℎℎ,𝑟𝑟 . It is multiplied by the exchange 

rate to express the term in the same units of national currency. 

With this definition, the total income of households is: 

𝑦ℎℎℎ = 

= ∑ 𝑤𝑑𝑖𝑠𝑡ℎ,𝑙 ∗ 𝑦𝑙𝑙 + 𝑝𝑖𝑛𝑑𝑒𝑥 ∗ 𝑔𝑡𝑟ℎℎℎ + 𝑒𝑟 ∗ ∑ 𝑟𝑜𝑤𝑡𝑟ℎℎℎ,𝑟

𝑟𝑙

+ 𝑘𝑑𝑖𝑠𝑡ℎ𝑜𝑢𝑠ℎ + 𝑐𝑑𝑖𝑠𝑡𝑡𝑜𝑡ℎ  (e.53) 

 

Households pay a proportion ℎ𝑡𝑎𝑥ℎ  of their income under direct taxes. For computational 

model purposes, the ratio may vary according to a fitting parameter 𝑇𝑎𝑥𝐴𝑑𝑗. Consequently, the 

payment of direct taxes by households is: 

ℎℎ𝐷𝑖𝑟𝑇𝑎𝑥ℎ = 𝑇𝑎𝑥𝐴𝑑 𝑗 ∗  ℎ𝑡𝑎𝑥ℎ ∗ 𝑦ℎℎℎ (e.54) 

Finally, households' disposable income is the difference between their total income and tax 

payments along with transfers abroad: 

𝑦ℎℎ = 𝑦ℎℎℎ − 𝑒𝑟 ∗ ∑ ℎℎ𝑡𝑟𝑟𝑜𝑤𝑟,ℎ − ℎℎ𝐷𝑖𝑟𝑇𝑎𝑥ℎ

𝑟

 (e.55) 

 

We now proceed to analyze the spending behavior of households. It is assumed that this can be 

described by a linear expenditure system (LES). A basic explanation of expenditure systems can 

be found in "Teoría de los sistemas de ecuaciones de demanda: el caso del sistema lineal de 

gastos (les) y el sistema lineal de gastos extendido (eles). Una aplicación al consumo de los 

hogares en las regiones colombianas 2008", from Espinosa, Lozano and Combita. Under this 

system, supernumerary income is defined as the difference between disposable income and 

minimum consumption, as expressed below: 

𝑠𝑢𝑝𝑦ℎ = 𝑦𝑑ℎ − 𝑝𝑜𝑝ℎ ∗ ∑ 𝑝𝑐𝑖,ℎ ∗ 𝑡ℎ𝑒𝑡𝑎𝑖,ℎ

𝑖

 (e.56) 

The second term of the equation reflects the minimum subsistence consumption of the 

households in the model. The sum (the minimum consumption in each sector is added, hence 

the sum parameter i) reflects the value of minimum consumption per individual in the whole 

economy, by multiplying by the population factor 𝑝𝑜𝑝ℎ the total minimum consumption of the 

entire economy is obtained. 

Household savings are calculated as the difference between disposable income and 

consumption in sectoral produced goods: 

ℎℎ𝑠𝑎𝑣𝑝ℎ = 𝑦𝑑ℎ − ∑ 𝑝𝑐𝑖,ℎ ∗ 𝑥𝑎𝑐𝑖,ℎ

𝑖

 (e.57) 
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𝑠𝑎𝑣ℎ = ∑ ℎℎ𝑠𝑎𝑣𝑝ℎ

ℎ

 (e.58) 

Note that in this equation the term 𝑝𝑐𝑖,ℎ, understood as the final price paid by the consumer is 

said to be final because it includes the respective subsidies and taxes that affect the Armington 

price. Formally: 

𝑝𝑐𝑖,ℎ = 𝑝𝑎𝑖 ∗ (1 + 𝑐𝑡𝑥𝑖,ℎ) ∗ (1 − 𝑐𝑡𝑠𝑖,ℎ) (e.59) 

Finally, using consumer data, an expression can be defined for the consumer price index. This 

index reflects the price behavior of the economy and can be defined in this way: 

𝑐𝑝𝑖ℎ ∗ ∑ 𝑥𝑎𝑐𝑖,ℎ ∗ 𝑝𝑐0𝑖,ℎ = ∑ 𝑥𝑎𝑐𝑖,ℎ ∗ 𝑝𝑐𝑖,ℎ

𝑖𝑖

 (e.60) 

A detailed analysis of the equation shows that the price index is no more than the average prices 

of the sectors of the economy. The term 𝑝𝑐0𝑖,ℎ is only used for computational purposes and 

represents the initial values, which in this case are all equal to 1. 

 

2.3.3 Government income and expenditure: 

The government income comes mainly from the following sources: direct and indirect taxes, 

capital income, external transfers, tariffs, and subsidies, which in this case would be negative 

and, finally, the taxes on labor. Each of these sources is explained: 

 Direct taxes (households (𝑐𝑑𝑖𝑟𝑡𝑎𝑥), and companies (ℎℎ𝑑𝑖𝑟𝑡𝑎𝑥ℎ), previously explained; 

 The indirect taxes collected by the government (𝑇𝑖𝑛𝑑𝑇𝑎𝑥) fall under the following 

activities: the production (𝑝𝑖𝑡𝑥 ), the household consumptions (ℎ𝑖𝑡𝑥 ), final demand 

(𝑓𝑑𝑖𝑡𝑓𝑝) and exports (𝑒𝑖𝑡𝑥). Formally the equations are: 

𝑇𝐼𝑛𝑑𝑇𝑎𝑥 = 𝑝𝑖𝑡𝑥 + ℎ𝑖𝑡𝑥 + ∑ 𝑓𝑑𝑖𝑡𝑓𝑝

𝑓𝑝

+ 𝑒𝑖𝑡𝑥 + ∑ 𝑝𝑑𝑖 ∗ 𝑣𝑡𝑎𝑐𝑎𝑑 𝑗 ∗ 𝑑𝑡𝑥𝑖 ∗ 𝑥𝑑𝑖

𝑖

+ 

+ ∑ 𝑣𝑡𝑎𝑥𝑎𝑑 𝑗 ∗ 𝑚𝑡𝑥𝑖 ∗ 𝑝𝑚𝑡𝑖 ∗ 𝑥𝑚𝑡𝑖

𝑖

 
(e.61) 

𝑝𝑖𝑡𝑥 = ∑ 𝑝𝑝𝑡𝑥𝑖 ∗ 𝑝𝑥𝑖 ∗ 𝑥𝑝𝑖

𝑖

 (e.62) 

ℎ𝑖𝑡𝑥 = ∑ ∑ 𝑝𝑎𝑖 ∗ 𝑐𝑡𝑥𝑖,ℎ ∗ 𝑥𝑎𝑐𝑖,ℎ

𝑖ℎ

 
(e.63) 

𝑓𝑑𝑖𝑡𝑓𝑝 = ∑ 𝑝𝑎𝑖 ∗ 𝑓𝑑𝑡𝑥𝑖,𝑓𝑝 ∗ 𝑥𝑎𝑓𝑑𝑖,𝑓𝑝

𝑖

 
(e.64) 

𝑒𝑖𝑡𝑥 = ∑ ∑ 𝑝𝑒𝑖,𝑟 ∗ 𝐸𝑥𝑝𝑡𝑥𝑖,𝑟 ∗ 𝑒𝑠𝑖,𝑟

𝑖𝑟

 
(e.65) 

 

 Capital Income (𝑘𝑡𝑟𝑎𝑔𝑜𝑣) previously explained. 

 External transfers: (𝑟𝑜𝑤𝑡𝑟𝑔) 
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 Tariffs: This income comes from taxation on imported goods 

𝑦𝑡𝑟𝑎𝑑𝑒 = ∑ ∑ 𝑤𝑝𝑚𝑖,𝑟 ∗ 𝑒𝑟 ∗ 𝑡𝑎𝑟𝑎𝑑 𝑗 ∗ 𝑡𝑎𝑟𝑖𝑓𝑓𝑟,𝑖 ∗ 𝑥𝑚𝑟,𝑖

𝑟𝑖

 
(e.66) 

The double sum implies that each of the goods in each of the importing trading partners is 

aggregated, with tariff parameters shown in the previous section. 

 Subsidies: The total subsidies provided by the government (𝑡𝑠𝑢𝑏𝑠) is the sum of the 

subsidies given to household consumption (𝑐𝑡𝑠𝑖,ℎ), final demand (𝑓𝑑𝑡𝑠𝑖,𝑓𝑝) and exports 

(𝑒𝑠𝑖,𝑟). The mathematical forms are: 

𝑡𝑠𝑢𝑏𝑠 = ℎ𝑠𝑢𝑏𝑑 + ∑ 𝑓𝑑𝑠𝑢𝑏𝑠𝑓𝑝 + 𝑒𝑠𝑢𝑏𝑠

𝑓𝑝

 
(e.67) 

ℎ𝑆𝑢𝑏𝑠 = ∑ ∑ 𝑝𝑎𝑖 ∗ (1 + 𝑐𝑡𝑥𝑖,ℎ) ∗ 𝑥𝑎𝑐𝑖,ℎ ∗ 𝑐𝑡𝑠𝑖,ℎ

𝑖ℎ

 
(e.68) 

𝑓𝑑𝑠𝑢𝑏𝑠𝑓𝑝 = ∑ 𝑝𝑎𝑖 ∗ (1 + 𝑓𝑑𝑡𝑥𝑖,𝑓𝑝) ∗ 𝑓𝑑𝑡𝑠𝑖,𝑓𝑝

𝑖

∗ 𝑥𝑎𝑓𝑑𝑖,𝑓𝑝 
(e.69) 

𝑒𝑠𝑢𝑏𝑠 = ∑ ∑ 𝑝𝑒𝑖,𝑟 ∗ (1 + 𝐸𝑥𝑝𝑡𝑥𝑖,𝑟

𝑟𝑖

) ∗ 𝐸𝑥𝑝𝑡𝑠𝑖,𝑟 ∗ 𝑒𝑠𝑖,𝑟 (e.70) 

 Labor taxes: It is composed of the income that workers assume and that comes mainly 

from wages. The tax differs between types of work and is expressed as follows: 

∑ ∑ 𝑤𝑎𝑔𝑒𝑑𝑖𝑠𝑡𝑙,𝑖 ∗ 𝑤𝑡𝑎𝑥𝑙 ∗ 𝑤𝑎𝑔𝑒𝑖 ∗ 𝑙𝑑𝑙,𝑖𝑙𝑖 .  With these categories defined, the total 

government revenue is: 

 

𝑔𝑜𝑣𝑟𝑒𝑣 = 𝑒𝑟 ∗ ∑ 𝑟𝑜𝑤𝑡𝑟𝑔𝑟 + 𝑐𝑑𝑖𝑟𝑡𝑎𝑥 + 𝑡𝑖𝑛𝑑𝑡𝑎𝑥 − 𝑡𝑠𝑢𝑏𝑠

𝑟

+ 

+𝑦𝑡𝑟𝑎𝑑𝑒 ∑ ℎℎ𝑑𝑖𝑟𝑡𝑎𝑥ℎ + ∑ ∑ 𝑤𝑎𝑔𝑒𝑑𝑖𝑠𝑡𝑙,𝑖 ∗ 𝑤𝑡𝑎𝑥𝑙 ∗ 𝑤𝑎𝑔𝑒𝑙 ∗ 𝑙𝑑𝑙,𝑖

𝑙𝑖ℎ

 

 

(e.71) 

On the other hand, government expenditures (𝑔𝑜𝑣𝑒𝑥𝑝 ) consist mainly of expenditure on 

consumer goods (𝑥𝑎𝑓𝑑𝑖,𝑔), transfers to domestic (𝑔𝑡𝑟ℎℎℎ) and foreign households (𝑔𝑡𝑟𝑟𝑝𝑤𝑟), 

import subsidies (𝑚𝑠𝑢𝑏𝑠𝑖 ) and the payment of indirect taxes on final demand, discounting 

subsidies offered to households for the same reason (𝑓𝑑𝑖𝑡𝑔 − 𝑓𝑑𝑆𝑢𝑏𝑠𝑔) 

𝑔𝑜𝑣𝑒𝑥𝑝 = ∑ ∑ 𝑝𝑎𝑖 ∗ 𝑥𝑎𝑓𝑑𝑖,𝑔

𝑖𝑔

+ 𝑝𝑖𝑛𝑑𝑒𝑥 ∗ (∑ 𝑔𝑡𝑟ℎℎℎ + 𝑒𝑟 ∗ ∑ 𝑔𝑡𝑟𝑟𝑝𝑤𝑟

𝑟ℎ

)

+ ∑ 𝑚𝑠𝑢𝑏𝑠𝑖 ∗ 𝑝𝑚𝑡𝑖𝑥𝑚𝑡𝑖

𝑖

+ ∑(𝑓𝑑𝑖𝑡𝑔 − 𝑓𝑑𝑆𝑢𝑏𝑠𝑔)

𝑔

 

 

(e.72) 

Finally, government savings are defined as the difference between revenues and expenditures 

described above. Additionally, an equation is established for actual government savings: 

𝑠𝑎𝑣𝑔𝑔 = 𝑔𝑜𝑣𝑟𝑒𝑣 − 𝑔𝑜𝑣𝑒𝑥𝑝 (e.73) 
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Government price deflator. 

𝑝𝑔𝑔 ∗ 𝑡𝑔𝑔 = ∑ 𝑝𝑓𝑑𝑖,𝑓 ∗ 𝑥𝑎𝑓𝑑𝑖,𝑓

𝑖

 (e.74) 

 

 

2.4  Specifications on the final demand 

Some relevant considerations on the final demand of the goods under consideration are 

described below. Initially, the actual final demand for the good is a fraction (𝑎𝑓𝑑𝑖,𝑓) of the final 

demand of each agent claiming final goods. 

𝑥𝑎𝑓𝑑𝑖,𝑓 =  𝑎𝑓𝑑𝑖,𝑓 ∗ 𝑡𝑓𝑑𝑣𝑜𝑙𝑓 (e.75) 

On the other hand, the price of the final demand is equivalent to the Armington price of the 

good including the taxes (𝑓𝑑𝑡𝑥𝑖,𝑓𝑝 ) and subsidies (𝑓𝑑𝑡𝑠𝑖,𝑓𝑝 ) to the final demand described 

above: 

𝑝𝑓𝑑𝑖,𝑓𝑝 = 𝑝𝑎 ∗ (1 + 𝑓𝑑𝑡𝑥𝑖,𝑓𝑝) ∗ (1 − 𝑓𝑑𝑡𝑠𝑖,𝑓𝑝) (e.76) 

The nominal value of the final demand is defined based on the price of the final demand and the 

real expenditure for each of the final consumption goods. 

𝑡𝑓𝑑𝑣𝑎𝑙𝑓 = ∑ 𝑝𝑓𝑑𝑖,𝑓 ∗ 𝑥𝑎𝑓𝑑𝑖,𝑓

𝑖

 (e.77) 

The final demand deflator is defined as the weighted average of the final demand price for each 

good. 

𝑝𝑡𝑓𝑑𝑓 = ∑ 𝑎𝑓𝑑𝑖,𝑓 ∗

𝑖

𝑝𝑓𝑑𝑖,𝑓 (e.78) 

 

2.5 Determination of production by vintage 

The determination of production by vintage is related to the relationship between the capital 

stock of the previous period and the ratio between Capital and product of the old vintage. The 

total production is equal to the sum of the new and old vintage. If onevintage = 1 is met, the 

model only works with one production vintage, while if onevintage = 0 is met, the production of 

the new vintage is allowed to be different from zero 

𝑘𝑥𝑟𝑎𝑡𝑖 = 𝑎𝑘𝑒𝑙𝑖,"𝑜𝑙𝑑" ∗ [𝑎𝑘𝑒𝑖,"𝑜𝑙𝑑" ∗ (
𝑝𝑘𝑒𝑙𝑖,"𝑜𝑙𝑑"

𝑝𝑘𝑒𝑙𝑖,"𝑜𝑙𝑑"

)

𝑟ℎ𝑜𝑘1𝑖,"𝑜𝑙𝑑"

] ∗ 

∗ [𝑎𝑘𝑖,old ∗ 𝑙𝑎𝑚𝑏𝑑𝑎𝑘
𝑖,"𝑜𝑙𝑑"

𝑟ℎ𝑜𝑘2𝑖,"𝑜𝑙𝑑"−1
∗ (

𝑝𝑘𝑒𝑖,"𝑜𝑙𝑑"

𝑟𝑒𝑛𝑡𝑖,"𝑜𝑙𝑑"

)

𝑟ℎ𝑜𝑘2𝑖,"𝑜𝑙𝑑"

] 

(e.79) 

𝑥𝑝𝑣𝑖,"𝑜𝑙𝑑" = 𝑚𝑖𝑛 {𝑘𝑝𝑖,
𝑘𝑠0𝑖

𝑘𝑥𝑟𝑎𝑡𝑖
} (e.80) 
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If the following condition is met: 

𝑥𝑝𝑣𝑖,"𝑜𝑙𝑑" = 𝑥𝑝𝑖  (e.81) 

Then, 

𝑥𝑝𝑣𝑖,"𝑛𝑒𝑤" = 0 (e.82) 

Because of the accounting identity, 

𝑥𝑝𝑣𝑖,"𝑛𝑒𝑤" = 𝑥𝑝𝑖 − 𝑥𝑝𝑣𝑖,"𝑜𝑙𝑑" (e.83) 

 

2.6 Labor market 

Previously, we analyzed the optimization process that determined the demand for labor of 

different types of employment. The equilibrium requires the determination of a supply function, 

and consequently, the price that clears the market. Traditionally, the labor supply function 

considers households that decide, optimally, the amount of work they offer to the market, 

considering the cost-benefit between work and leisure. In the described model, there is no 

functional structure that determines the labor supply. Instead, an equation is defined with this 

behavior. It is worth mentioning that the proposed equation maintains the basic properties that 

result from the standard optimization process to the extent that the labor supply and the real 

salary are positively related. Under these concepts, the equation is: 

𝑙𝑎𝑏𝑠𝑙 = 𝑎𝑙𝑎𝑏𝑙 ∗ (
𝑤𝑎𝑔𝑒𝑙

𝑝𝑖𝑛𝑑𝑒𝑥
)

𝑜𝑚𝑒𝑔𝑎𝑙

 (e.84) 

 

Note that the real wage is affected by the parameter 𝑜𝑚𝑒𝑔𝑎𝑙, which can be understood as the 

elasticity of work to the real wage. When 𝑜𝑚𝑒𝑔𝑎𝑙 equals infinite3 work does not respond to 

changes in real wages, and therefore the supply of work is fixed, and the equilibrium wage is 

determined by demand. When 𝑜𝑚𝑒𝑔𝑎𝑙  adopts a value other than infinity, the labor supply 

responds positively to changes in the real wage, and the interaction of supply and demand leads 

to the equilibrium wage. 

There are two different ways of closing the labor market, (i) following the traditional form where 

supply equals demand and wages are flexible and (ii) fixing wages and not requiring a balance in 

the labor market, which results in the endogenization of unemployment. The first applies when 

skillunskilll = 0, while the second applies when skillunskilll = 1. 

Finally, a level of structural unemployment is specified, represented by the parameter 

𝑑𝑒𝑠𝑒𝑚𝑝𝑙𝑁𝑎𝑡𝑙 

∑ 𝑙𝑑𝑙,𝑖 = (1 − 𝑑𝑒𝑠𝑒𝑚𝑝𝑙𝑁𝑎𝑡𝑙) ∗ 𝑙𝑎𝑏𝑠𝑙

𝑖

 (e.85) 

                                                           
3 Note the same logic between the CES function and the Leontief function as previously described. 
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2.7  Balance of payments 

The balance of payments (BP) specifies the country's domestic transactions with the outside 

world, which are composed of (i) transfers to and from abroad (from Capital, companies, 

households, and government), (ii) wages received from abroad and paid abroad, (iii) exports and 

imports and (iv) foreign savings. The balance of payments must always be balanced, which 

implies that transactions from abroad to the nation should equal transactions from the nation 

to the outside. 

With this purpose, it is possible to use two different variables to balance BP. One can either set 

the foreign savings (𝑠𝑎𝑣𝑓 ), by endogenizing the exchange rate (𝑒𝑟) or set the exchange rate by 

endogenizing the foreign savings. Since transfers and wage payments to and from abroad are 

fixed, the first option implies that the difference between imports and exports is always fixed. 

In contrast, the second option does not require this, since external savings, which turn out to be 

equal to that difference once transactions and wage payments have been discounted, are 

endogenous. 

 

0 = ∑ [∑ 𝑤𝑝𝑚𝑟,𝑖 ∗ 𝑥𝑚𝑟,𝑖 + ∑ 𝑓𝑤𝑑𝑖𝑠𝑡𝑟,𝑙

𝑙

+ ∑ ℎℎ𝑡𝑟𝑟𝑜𝑤𝑟,ℎ +
𝑐𝑡𝑟𝑟𝑜𝑤𝑟

𝑒𝑟
+ 𝑔𝑡𝑟𝑟𝑜𝑤𝑟 +

𝑐𝑓𝑝𝑟𝑜𝑤𝑟

𝑒𝑟
ℎ𝑖

]

𝑟

− 

− ∑ [∑ 𝑤𝑝𝑒𝑖,𝑟 ∗
𝑒𝑠𝑖,𝑟

𝑒𝑟
𝑖

+ ∑ 𝑓𝑤𝑎𝑔𝑒𝑖,𝑟 + 𝑟𝑜𝑤𝑓𝑝𝑟 + ∑ 𝑟𝑜𝑤𝑡𝑟ℎℎℎ,𝑟 + 𝑟𝑜𝑤𝑡𝑟𝑔𝑟 + 𝑠𝑎𝑣𝑓𝑟

ℎ𝑙

]

𝑟

 
(e.86) 

 

This equation reflects that the balance of payments is always in balance. 

The relationship between the current account deficit (external savings) and the actual GDP can 

be written as: 

𝑟𝑠𝑎𝑣𝑓𝑟𝑔𝑑𝑝 =
𝑟𝑔𝑑𝑝

∑ 𝑠𝑎𝑣𝑓𝑟𝑟
 (e.87) 

 


